This paper presents theoretical models and simulation results for the synchronous, thermal transient, instability phenomenon known as the Morton effect. A transient analysis of the rotor supported by tilting pad journal bearing is performed to obtain the transient asymmetric temperature distribution of the journal by solving the variable viscosity Reynolds equation, a 2D energy equation, the heat conduction equation, and the equations of motion for the rotor. The asymmetric temperature causes the rotor to bow at the journal, inducing a mass imbalance of overhung components such as impellers, which changes the synchronous vibrations and the journal's asymmetric temperature. Modeling and simulation of the cyclic amplitude, synchronous vibration due to the Morton effect for tilting pad bearing supported machinery is the subject of this paper. The tilting pad bearing model is general and nonlinear, and thermal modes and staggered integration approaches are utilized in order to reduce computation time. The simulation results indicate that the temperature of the journal varies sinusoidally along the circumferential direction and linearly across the diameter. The vibration amplitude is demonstrated to vary slowly with time due to the transient asymmetric heating of the shaft. The approach's novelty is the determination of the large motion, cyclic synchronous amplitude behavior shown by experimental results in the literature, unlike other approaches that treat the phenomenon as a linear instability. The approach is benchmarked against the experiment of de Jongh.
Introduction
The thermohydrodynamic (THD) characteristics of the fluid film bearing are obtained by simultaneously solving the energy equation and temperature-dependent viscosity Reynolds equation. The conventional approach of thermohydrodynamic analysis of a fluid film bearing assumes that the temperature distribution in the journal is uniform. Many research studies of this type have been conducted to calculate the static and dynamic force characteristics of the fluid film bearing. This assumption is utilized, i.e., for static characteristics of a tilting pad journal bearing in Fillon et al. [1] , which compares theoretical results using the uniform temperature assumption with experimental results. Gadangi et al. [2] determined the dynamic characteristics of a tilting pad journal bearing using a nonlinear bearing model, flexible rotor model, and a uniform temperature journal assumption.
The effect that the nonuniform, journal temperature distribution due to differential heating in a fluid film bearing has on the shaft dynamics is known as the Morton effect. Theoretical investigations by Keogh and Morton [3] and experimental study by de Jongh and Morton [4] indicate that rotors supported by fluid film bearings exhibit a nonuniform temperature distribution around the bearing journal circumference. This thermal effect results in rotor bending, which can, in combination with an overhung mass such as couplings and overhung impellers, significantly increase rotor unbalance and, thus, synchronous rotor vibration. Under certain conditions, it can lead to synchronous rotor instability. Fluid film bearing papers prior to the groundbreaking work of Keogh, Morton, and de Jongh for the most part assume axisymmetric temperature distributions.
Gomiciaga and Keogh [5] calculated the thermal gradient across the journal diameter in a plain journal bearing, for a given forward or backward whirl orbit, using a CFD approach. They found that the temperature difference across the journal diameter depends on the static eccentricity and orbit size and that there exists a phase lag angle between the high spot and hot spot ranging from 0 deg to 60 deg. Larsson [6, 7] performed a linear, synchronous stability analysis of the rotor system supported by a tilting pad bearing with asymmetric heating across the journal.
The Morton effect approach of Balbahadur and Kirk [8, 9] simultaneously solves the isoviscous Reynolds equation, an approximate finite sized volume, energy equation, which includes heat transfer throughout the shaft and the bearing and the rotordynamic (shaft) equations. The occurrence of synchronous instability is predicted by the Morton effect induced imbalance exceeding a value proposed by these authors and based on available experimental results (Refs. [3, [10] [11] [12] ). Their approach is computationally efficient and assumes that the phase lag between the high spot and the hot spot is approximately zero. The approach of Murphy and Lorenz [13] does not employ a transient solution of the energy and shaft heat conduction equations, and assumes that the hot spot and high spot are coincident and the journal's cross diameter temperature difference is proportional to the vibration orbit size. Reference [5] indicates that the assumed linear relationship between the temperature difference and orbit size is limited, and the general relation is nonlinear. These authors employ thermal and mass imbalance influence coefficients to obtain a simplified formula to predict the onset of instability.
The present paper employs a more rigorous approach by simultaneously solving the variable viscosity Reynolds equation, the 2D (cross film and circumferential) film energy equation, and the journal's mid plane heat conduction equation for any journal orbit in a tilting pad journal bearing. The orbits result from the predicted vibration of a Timoshenko beam model for the shaft that is coupled with the fully nonlinear, integrated pressure, bearing force model. The thermal time constants of the system model are much greater than the dynamic response time constants; therefore, the coupled thermal-structural dynamics model requires a relatively long computation time, which may be excessive for parameter studies. This drawback is significantly alleviated by utilizing a thermal mode based subspace solution and a staggered, numerical integration approach. This reduces dimensionality for all times and, in particular, during the times when only temperatures are allowed to vary, i.e., assuming a time invariant dynamics model. Examples for simulating and mitigating the Morton effect are provided. 
The Reynolds equation is solved using three node simplex, triangular type finite elements to mesh the fluid film. The film's boundary is divided into two contours, prescribed pressure and prescribed flow/flux. Only half of the bearing length needs to be discretized because of symmetry of the bearing. Pressures are solved for and then integrated to obtain forces, which are multiplied by a factor of 2 to account for the other half of the bearing. A prescribed pressure boundary condition is applied to the inlet region and a zero pressure boundary condition for the outlet region. A zero flux/flow condition is imposed at the axial mid span plane to account for symmetry. The Reynolds boundary condition for zero pressure in the cavitated region and zero normal pressure gradient along the cavitation boundary is imposed on the numerical solution. For a laminar, incompressible, Newtonian fluid, the energy equation is given by
Viscosity has a strong dependence on temperature and a weak dependence on pressure and is assumed to follow the exponential relationship given by
Four node isoparametric finite elements are used to discretize the problem domain and solve the energy equation for temperatures. The derivation of the "weak" form of this problem and full finite element formulation is provided in Ref. [14] . The solution of Eq. (4) The insulated boundary condition at the interface between the fluid film and the bearing pads results in temperatures higher than actual [16] . This boundary condition provides conservative results in terms of maximum temperature prediction and maximum asymmetric temperature distribution of the shaft. This analysis can be used by a designer to obtain preliminary results for design and change design parameters such as bearing loads, bearing clearances, etc. The convective heat transfer boundary condition at the interface between fluid film and bearing pads will be considered in future work.
Heat Conduction Equation.
The journal temperature distribution is calculated by solving the transient heat conduction equation
The model is restricted to cases with a very low axial temperature gradient in the shaft, which is assumed to be equal to zero. Equation (6) is solved utilizing four node isoparametric elements for discretizing the problem domain (shaft's circular cross section). Temperature and flux continuity boundary conditions are assigned to the interface between the journal and lubricant (see Fig. 1 ).
2.4 Flexible Rotor Model With Thermal Bow Induced Imbalance. The asymmetric temperature distribution in the journal causes the shaft to bow as shown in Fig. 2 . The bow angle at the journal's midplane is obtained from [17] 
where a and I are the thermal expansion coefficient and the second moment of area of the journal, respectively. The flexible rotor is modeled with Timoshenko beam elements including shear deformation. The equation of motion for the flexible rotor bearing system can be written as 
where M R , C R , G R , and K R are the rotor mass, damping, gyroscopic, and stiffness matrices, respectively. F im is the external force vector due to imbalance, and F B is the nonlinear bearing force. The bent rotor total deflection may be expressed by
where q e and q t are deflection due to imbalance and thermal bow, respectively. Substitution of Eq. (11) into Eq. (10) yields
This can also be written as Transactions of the ASME Consistent with the thermal bow induced imbalance model presented by Balbahadur and Kirk [8] and Murphy and Lorenz [13] , neglect the _ q t and q t term on the RHS of Eq. (14), which yields
The last term of the right hand side represents the equivalent imbalance force due to the thermal bow at the journal and the overhung mass. The equivalent thermal imbalance force, which is similar to initial mechanical imbalance, is written by
where e d and u are defined by
and L d is the distance between the bearing and overhung mass.
3 Thermal Mode Model and the Staggered Integration Approach 3.1 Thermal Mode Analysis. Similar with structural mechanics, a time-varying solution may be obtained with sub space condensation, utilizing the thermal modes as basis vectors, which is called the modal method [18] . This may greatly reduce computation time but requires that the modes only be calculated once for a nominal set of the journal's material properties, which are assumed to be nearly invariant over the duration of the simulation.
The equations to be solved have the form
The eigenvalues and eigenvectors of this system are obtained from
If each eigenvector {T} is orthonormalized with respect to [C] , that is, if ½T T ½C½T ¼ ½I and fTg 
The above transformation yields the uncoupled equations for the generalized temperatures the number of modes used in the simulation increases above 150, as shown in Fig. 5 . The modal approach converges closely to the exact approach with as few as 50 modes for this example. Figure 6 provides the flow chart for calculating the temperature difference across the journal diameter for a given synchronous vibration orbit. The initial guesses that start the solution procedure include uniform journal temperature and fluid film viscosity distributions, which are successively updated each iteration. The synchronous, elliptically shaped vibration orbit is divided into 20 points, at which locations the complete thermohydrodynamic solution of the bearing is solved. The temperatures at every node in the journal mesh are averaged over the 20 points to obtain time averaged values over one revolution (1 orbit) of the journal. Convergence is obtained when every nodal temperature varies by less than 1% between successive iterations. Figure 7 shows the flow chart for simulating the Morton effect instability including the rotordynamic (shaft motion) simulation. The code calculates the thermal induced imbalance and solves the rotordynamic equations every iteration. The Morton synchronous instability simulation requires solution of the Reynolds, energy (film), heat conduction (journal), and rotor equations. The rotor solution includes local nonlinearities, and the overall system has a fast time constant for rotordynamics and a slow constant for the journal temperature. The simulation is very computationally intensive even when using the thermal mode approach. Therefore, a staggering method [19] is applied to further reduce computation time without significantly sacrificing accuracy. The "staggered integration interval" consists of 100 shaft revolutions, divided into two stages. The first stage covers revolutions 1 to 10, during which the Reynolds, energy, heat conduction, and rotordynamic equations of motion (EOM) for the rotor are solved. The temperature and viscosity results are stored at the end of the ninth (15)- (18) after the completion of the second stage. The 100 revolution staggered solution is repeated until a synchronous limit cycle is obtained. The value of 100 revolutions and assignment of 10 revolutions to stage 1 and the remainder to stage 2 was based on extensive trials and represents a balance between accuracy and overall computational efficiency.
Solution Procedure.

Simulation Results and Discussions
4.1 Verification Study: Journal Temperature Asymmetry for a Plain Journal Bearing. The temperature difference across the diameter of the journal in a plain journal bearing was compared with Ref. [5] in order to verify the proposed approach. The plain journal bearing has two axial oil-feed grooves, and its simulation parameters are listed in Table 1 . The static eccentricity ratio (e 0 ) and attitude angle (w 0 ) are 0.7 and 38 deg, respectively, and the spin speed is 10,000 rpm (1047 rad/s). Figure 8 compares the reference and the current approach's results. The maximum temperature difference across the diameter increases as the forward whirl radius ratio increases, and this relation is not linear as was assumed by some prior researchers. The agreement of the phase lag angle between the high spot and hot spot is excellent, and the temperature difference result of the present approach is very close but slightly higher than that of reference. This may be due to the present model's assumptions of (1) insulated boundary condition at the bearing side of the film and (2) neglect of axial thermal gradient. The asymmetric component of the journal [12] surface's temperature distribution varies sinusoidally around the journal's circumference.
Journal Temperature Asymmetry for a Tilting Pad
Journal Bearing. The literature [12] does not provide any predicted or measured journal temperature asymmetry for tilting pad journal bearings but does have a case that shows the Morton effect, synchronous instability for comparison with the present approach (see Table 2 ). Figure 9 shows that in response to the given circular orbit, whose static eccentricity is 0.6, the temperatures in the shaft approach steady state values as the number of revolutions increase, and a temperature gradient across the shaft diameter is clearly evident. The simulation results show that the temperature varies linearly across the journal as illustrated in Fig. 10 and that, at a constant speed, the temperature difference increases with orbit radius in a nonlinear manner as shown in Fig. 11 .
The present approach is compared with the measured synchronous instability results for a compressor system presented in de Jongh and van der Hoeven [12] . As reported in this reference, these compressors exhibited large vibration levels above 7200 rpm, and the machines had to be shut down. The rotor bearing system configuration includes a large overhung mass (impeller) and two tilt pad journal bearings. The FEM model and the transient test results [12] are shown in Fig. 12 . The bearing data at the nondrive end (NDE) near the overhung mass is listed in Table 3 . The Morton effect model is included only for the NDE bearing near the overhung mass. Transactions of the ASME A transient Morton effect simulation was conducted per the above description at the speeds 7200, 8000, and 8500 rpm. A baseline run without asymmetric heating was also made for comparison. Figure 13 shows the resulting orbits, which indicate a significant increase in vibration due to the Morton effect. This follows the experimental trend shown in Fig. 12 ; however, the predicted amplitudes are about 20% less than the experimental. It is interesting to note that the dashed synchronous orbits in Fig. 13 represent maximum values and in fact the temperature asymmetry and orbits oscillate in amplitude with a relatively long time constant as shown in Figs. 14 and 15. This behavior is clearly shown in the experimental results of de Jongh and van der Hoeven [12] and Marscher and Illis [20] . A physical explanation of this is that the thermal imbalance induces larger vibrations; however, these larger vibrations result in a higher film temperature. This decreases the viscosity, which acts to lower the temperature asymmetry because heat generation in the film, which is proportional to viscosity, decreases. This acts to reduce the thermal imbalance, which lowers the vibrations. The smaller vibrations cause a decrease in the temperature and an increase in the film viscosity, which increases the temperature asymmetry, thermal imbalance and vibration, and so on.
Modifications to reduce the temperature asymmetry Morton effect, such as redesign of the bearing or shaft, or changing the film viscosity are suggested in the literature [20, 21] . Figure 16(a) shows that reducing the bearing clearance mitigates the Morton cyclic amplitude behavior but results in an increase in synchronous vibration amplitude. Figure 16 (b) shows a marked decrease in synchronous amplitude and cessation of cyclic behavior with a decrease in film viscosity.
Conclusions
This paper presents a method for calculating the cyclic amplitude and synchronous vibrations that result from temperature asymmetry around the circumference of the journal in a fixed or tilting pad bearing. The method shows very good quantitative agreement with the literature for predicting the temperature asymmetry of the journal in a plain journal bearing. The method shows very good qualitative agreement with the literature for predicting the cyclic amplitude, synchronous vibration of a rotor supported by tilting pad journal bearings. The computational efficiency of the proposed method is significantly improved by utilizing a staggered integration approach and from the use of subspace condensation with thermal modes as basis vectors. This work improves on the pioneering results of other researchers by utilizing less approximate component models and determining large motion, cyclic amplitude responses that occurs following the onset of the Morton effect instability, which has been the focus of most of the prior related work. Lowering the viscosity of the film by raising its temperature is shown to have a mitigating influence on the Morton effect.
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